are still oscillations near the shock with higher order upwind schemes and they have to be improved also. There are A high order accurate finite difference method for direct numerical simulation of coherent structure in the mixing layers is presented. many second-order accurate schemes like TVD schemes The reason for oscillation production in numerical solutions is ana-which can simulate the shocks with high resolution. Many lyzed. It is caused by a nonuniform group velocity of wavepackets. existing schemes with high resolution of the shock are A method of group velocity control for the improvement of the complicated and expensive.
INTRODUCTION
wind compact difference approximation (UCDA5) developed in [9] , the derivatives in the viscous terms are discretGreat achievement has been reached in direct numerical ized with the sixth-order symmetric compact difference simulation of the coherent structure in flow fields and tur-approximation developed by Lele in [10] , and the threebulence. Good results which quantitatively agree well with stage R-K method [11] is used to advance in time. Analysis experiments have been obtained for some typical incom-of the reason for oscillation production and scheme reconpressible flow models, and some new mechanisms have struction for a model equation is given in Section 2, applicabeen observed. For many practical applications it requires tion of the method to approximate the N-S equations understanding compressible turbulent flow. Although di-is presented in Section 3, some numerical examples and rect numerical simulation of compressible turbulence just computed results of the mixing layers are given in Sections started in recent years, it developed very fast [1] [2] [3] and 4 and 5. has become one of the important tools for the study of turbulence. The compressible mixing layer is a good model
METHOD DEVELOPMENT
for the study of compressible turbulence [4] [5] [6] [7] [8] . The key point for correctly simulating the unsteady structure of the For correct simulation of complex flow fields with a complex flow fields with a range of scales is that the method range of scales and shocks with limited computer resource can capture well the vortices with small scales and shocks.
it is better to use higher order schemes. Oscillations will The method of simulation must be highly accurate and can be produced in the numerical solutions of the commonly give high resolution of the shocks. Spectral/pseudospectral used high order accurate schemes, including the upwind methods suffer deficiency in the treatment of discontinucompact schemes. In the present paper UCDA5 is used ities which occur in the supersonic flow fields, and the to simulate the temporally growing compressible mixing finite difference methods are more popular. The high order layers. In order to capture shocks well the scheme is modiaccurate centered schemes offer little to no advantage over fied with the method of diffusion analogy [12] . spectral methods in the presence of unresolved high gradients such as shocks. The upwind-biased schemes are better 2.
Model Equation and Difference Approximation because the spurious waves can be suppressed, but there
For simplicity consider the model equation and its semidiscrete difference approximation, Ȑ ⌬t ⌬x 2 Յ 0.5234.
The second derivative can also be considered as a double first derivative which approximation is obtained from the sixth-order compact difference relation computation of the mixing layers. The above stability results hold only for infinite/periodic domain.
With initial condition u(x, 0) ϭ exp(ikx) the exact solution of (2.1) is . In the present computation the
first derivative is approximated by the UCDA5 which is expressed as Variations of the amplification factor ͉G ͉ in stability analysis versus Ͱ ϭ k⌬x (0 Յ Ͱ Յ ȏ) for the case Ȑ ϭ 0, For the sixth-order compact difference relation (2.5) we c(⌬t/⌬x) ϭ 0.49, 0.59, and 0.69 are given in Fig. 1 from have which the stability condition can be obtained as
For approximation of the second derivative with two times application of (2.5) we have k
, where k i is obThe second derivative in (2.1) can be approximated with the sixth-order accurate compact difference relation for tained from (2.9c). Variations of k r and k i for some difference approximations are given in Fig. 2 from which it can the second derivative. For the case f u ϭ c ϭ 0 the stability condition is be seen that the higher order accurate schemes can capture the smaller structures better. In Fig. 2 is also given the approaches one. For the dissipative schemes k r (k⌬x) variation of the group velocity of wavepackets which will damps the amplitude of the Fourier components in the be discussed later. numerical solutions. The damping rate is different for different k. Nonlinear dependence of k i on k⌬x leads to non-2.2. Analysis of Oscillation Production in uniform group velocity which is defined as dk i /dͰ in the Numerical Solutions present paper [17] . This is the reason of oscillation production in the numerical solutions. From Fig. 2 it can be seen In this subsection only the case Ȑ ϭ 0 is considered that the Fourier components of the physical solution with because the spurious waves are produced due to approxilower wave numbers k can be approximated well with k i / mation of the convection term. Suppose we have a N-S (k⌬x) ȁ 1, dk i /dͰ ȁ 1, and k r /⌬x ȁ 0. The wavepacket shock. It means that the solution is sufficiently smooth but with lower wave numbers have group velocity very close with a very deep gradient. For this situation the Taylor to the physical one. When the solutions are smooth the series can be used everywhere. In numerical simulation of coefficients of the Fourier components in the numerical N-S shocks with higher order accurate schemes oscillations solutions tend to zero very fast with increasing wave numwill be produced. The reason for oscillation production is bers. In this case incorrect approximation of Fourier comanalyzed heuristically. From (2.7) with Ȑ ϭ 0 it can be ponents with high wave numbers does not influence the seen that all the waves with different k have the same solution much. For the N-S shock the coefficients of the phase speed and uniform group velocity of wavepackets.
Fourier components with moderate and high wave numIt means that the initial shock given at t ϭ 0 will keep the bers are no longer small, and they influence the behaviour shape with the advance of time. From (2.8) it can be seen of the solution. For the case dk i /dͰ Ͻ 1 with moderate that k i is related to the phase speed in solutions of differand high wave numbers the oscillations in the numerical ence approximation, k r is related to damping of the differsolutions can be seen behind the shock. That is the case ence solutions. k i and k r are functions of k⌬x. The error for the second centered and sixth-order compact difference in the solution of difference approximation is different for schemes (see Fig. 2b ). For the case dk i /dͰ Ͼ 1 with moderdifferent wave numbers k. The accuracy of the solution depends on how well k r /⌬x approaches zero and k i /(k⌬x) ate and high wave numbers the oscillations in numerical solutions can be seen in front of the shocks. For some for UPW. The following group velocity (divided by c) can be obtained from (2.14a) and (2.15a):
In this case the oscillations can be seen in both sides of the shocks. CNT:
That is the case for the fifth-order accurate upwind compact scheme which has k o ⌬x ϭ 2.637 (see Fig. 2b ).
Improvements of Shock Solutions with Group
UPW: dk i dͰ ϭ cos(Ͱ)[2 Ϫ cos(Ͱ)] ϩ [sin(Ͱ)] 2
Velocity Control
The above discussion shows that for improvement of the
͖. shock resolution the group velocity of wavepackets in the (2.16b) numerical solutions must be controlled. From the following two examples we can see the way for group velocity control. 
10) the parameter we can get the group velocity higher or lower than the group velocity of the wavepackets of an which resembles the modified equation of second-order exact solution in a wide range of the wave numbers. From accurate semidiscrete approximation only with the leading Fig. 3b and Fig. 4b it also can be seen that the wavepackets term. For the second-order centered difference approxima-with high wave numbers for the considered schemes always tion ϭ . Equation (2.10) is approximated with the follow-have lower group velocity, even negative for positive . ing second-order semidiscrete approximation From Fig. 3c and Fig. 4c we see that dissipation in the range of high wave numbers is very large. So the oscillations produced by the wavepackets with higher wave numbers
11) can be suppressed by the large dissipation. For group velocity control the parameter is defined as where From the above examples we see that a given scheme can be reconstructed according to the modified equation CNT: F j ϭ ͳ 0 x f j (2.13a) so that in a wide range of wave numbers the Fourier components in the numerical solutions have a faster group UPW:
(2.13b) velocity of wavepackets behind the shock and a slower group velocity in front of the shock. Consider the more With the initial condition u ϭ exp(ikx j ) the exact solution general case. Suppose we have the following modified of Eq. (2.11) has the form (2.8), but with k
For the UCDA5 C 2 ϭ C 3 ϭ C 4 ϭ C 5 ϭ 0, C 6 ϭ for CNT, and 12/5(⌬x 4 /6!). Equation (2.18) can be written where we have 
Ѩf Ѩx ͪ и c (2.22) The coefficient Ȑ 2 is related with the dissipativity. The stability requires nonnegativity of the coefficient Ȑ 2 . The coefficients Ȑ 3 and a are related with modification of the tions (2.22) and (2.23) for the Fourier components exp(ikx) of the shock resolution we have Ȑ 3 Ͼ 0 in both sides of the shock. Ȑ 3 Ͼ 0 also can be used to control the group in the case f u ϭ c can be expressed as velocity of the wavepackets in the numerical solutions.
In the present paper the group velocity of wavepackets
For improvement of the shock resolution the coefficient where Ȑ 3 in (2.26) and a in (2.27) must be controlled. As it was discussed before for improvement of the shock resolution Ȑ ϭ Ȑ 2 ϩ Ȑ 3 the coefficient a in (2.27) should be positive behind the shock and negative in front of the shock. Similar group and velocity regulator defined in (2.17) can be used to control the coefficient a. Introduction of is to eliminate the singularity. In computation of the mixing layer 6 ϭ 7 ϭ 1/64 is used. Introduction of Ȑ 2 is to suppress the amplitudes of the oscillations with high wave numbers, and introduction of Ȑ 3 is to control the group velocity so that the wavepackets move toward the moving shock. In computation the derivatives in (2.31) are approximated as
where F Ϯ j is obtained from (2.3).
DIFFERENCE APPROXIMATION OF THE N-S EQUATIONS

Governing Equations and Coordinate Transformation
FIG. 7. Solution of the nonlinear Burgers equation with modified
The 2D dimensionless compressible N-S equations for 2nd-order centered scheme: a Ϫ t ϭ 2/ȏ; b Ϫ t ϭ 1.1. the perfect gas in the vector form can be written as f 
(3.7)
Modification with the Method of Diffusion Analogy
The group velocity of wavepackets is controlled with the method of diffusion analogy. According to the modified equations of the difference approximations of the N-S equations we can get the following equations of diffusion analogy, Periodic boundary conditions are used in the x direction. Suppose the boundaries in the y direction are located far away from the central line of the mixing layer. At these boundaries the flow is almost uniform and lower order accurate approximations are used.
At the points next to the boundaries in the y direction the third-order upwind compact difference approximations for the convection terms are used [9] ,
where ͳ Ϫ y and ͳ ϩ y are 2-point backward and forward difference operators in the y direction, respectively. In the computation of derivatives of the viscous terms at these points the following fourth-order compact difference approximation is used: 
(3.6) tered scheme at y ϭ 0: a Ϫ t ϭ 2; b Ϫ t ϭ 16. 
Results with the initial conditions D
because of the slower group velocity of wavepackets for all wave numbers (Figs. 5d, e) . For the second-order upwind scheme (Fig. 5c ) the oscillations are produced in front of For the difference approximations of the N-S equations the shock because of the higher group velocity for the with UCDA5 for the convection terms the equations wavepackets with moderate wave numbers (see Fig. 4b for ϭ 0). The oscillations are not noted behind the shock ѨU Ѩt ϭ L(U ) ϩ D (3.10a) because of dissipation. For the UCDA5 the oscillations with small amplitudes are on both sides of the shock. The small amplitude is because of dissipation of the scheme are used to reconstruct the difference approximations, for the moderate and high wave numbers. The oscillations where on both sides of the shock are caused by higher group velocity of the wavepackets with moderate wave numbers
(3.10b) and slower group velocity of the wavepackets with high wave numbers. Figure 5a shows the results obtained with modified UCDA5 expressed in (2.30) and (2.31). It can be D
seen that the shock resolution is much improved. In ͪ ϭ 0, The exact solution is smooth up to t ϭ 2/ȏ; then it develops of ȏ/4 (seen [11, 18] ). This example is used to study the amount of smearing of contact discontinuities of the a moving shock which interacts with the rarefaction waves. Figure 7 shows results with the modified second-order ac-method. Periodic conditions are used at the boundaries of the computational region. The computed results with the curate centered scheme at t ϭ 2/ȏ and t ϭ 1.1. In computations the parameter 0 ϭ 0.5 in (2.17) is used. Figure 8 modified fourth-order centered scheme are given in Fig. 9 for y ϭ 0 at t ϭ 2 (after one period in time) and t ϭ 16 shows the results with modified fourth-order centered scheme with 0 ϭ 0.1 at t ϭ 2/ȏ and t ϭ 1.1. From the (after eight periods in time). In computations 0 ϭ 0.05 and ⌬x ϭ 0.1 are used. From the figures we see asymmetry figures it can be seen that the shock solutions are improved with the newly presented method which is much simpler of the solution as in [11] . The smearing of the contact discontinuities is a little larger than 4-4-LF-ENO in [11] . than the method in [11] . This is because of the reduction of accuracy of the method EXAMPLE 3. We use the same schemes as in Example near the extremal points. It can be improved with large 2 to solve a linear problem in (2.31).
. Initial and Boundary Conditions
The temporally growing compressible mixing layers where S ϭ ͕(x, y) : ͉x Ϫ y͉ Ͻ 1/͙2, ͉x ϩ y͉ Ͻ 1/͙2͖ is a unit square centered at the origin and rotated by an angle are simulated numerically. The initial conditions consist Note. T np , the nth pairing time of the rollers; T ns , the time at which the vorticity from the spiral arms comes back into the braid region. v ϭ 0 The mean profile of the velocity is specified by the relations
FIG. 11-Continued
where u 1 and u 2 are the upper and lower uniform stream-
2) wise velocity components respectively. In the present computation u 1 ϭ Ϫu 2 ϭ 1 and ͱ ϭ 1 are used. With the Prandtl number of unity the mean temperature profile is where M 1 is the Mach number corresponding to the upper far flow field. T ϭ 1 is also used for the case with small specified as convective Mach number Mc which is defined by the rela-disturbances are not added to the static pressure and temperature. The flow is unstable to small disturbances. tion [14] The fluctuation of a function is defined as where is obtained from (5.5). The fluctuating kinetic far flow field, respectively. In the present computation energy is defined as c 1 ϭ c 2 and M 1 ϭ M 2 . Pressure is assumed uniform initially so the mean density profile can be obtained directly from the temperature profile. Sutherland's law is used to com-
pute the viscosity coefficient. The Reynolds number is based on half the initial vorticity thickness of the mixing layer, half the velocity difference across the layer, and the and its global amplitude is defined as free-stream viscosity.
The measure of the width of the mixing layer is the
(5.9) vorticity thickness which is computed based on the massweighted velocity profile 
UCDA5 with modification mentioned in Subsections 3.2 and 3.3 is used to approximate the convective terms in the where and u are computed using integral spatial average N-S equations, the sixth-order compact difference approxin the x direction defined by imation is used for the viscous terms, and the three-stage R-K time discretization is used to advance in time.
For validation of the method the case Mc ϭ 0.2 with The initial perturbation of the velocity components are three-pairing is computed in order to compare with the described by results of incompressible mixing layers. With these initial conditions the flow loses its stability and eight orderly
(5.6) located rollers are soon formed. After a while the thickness of the viscous layers enlarges and the growth of the pertur- Table 1 the characteristic Ј Ͱ2,r , Ј Ͱ2,i are their first derivatives. Ͱ j ,r and Ͱ j ,i are nor-time T np and T ns , obtained in the present computation, are malized. The coefficients 1 ϭ 2 ϭ 3 ϭ 4 ϭ 0.05 are used given (T np is the nth pairing time of the rollers and T ns is for the case of three-pairing. For formation of three-pairing the time at which the vorticity from the spiral arms reenter the following wave numbers are chosen the surviving braid region after the nth pairing [16] ). In the table are also given the corresponding results for the Ͱ 1 ϭ 0.4446, Ͱ 2 ϭ Ͱ 1 , Ͱ 3 ϭ Ͱ 1 , Ͱ 4 ϭ Ͱ 1 .
incompressible mixing layers in [16] . We see that they agree well with each other. From the above-presented results it can be seen that the flow characteristics for the compressThe domain of computation is 0 Յ x Յ 16ȏ/Ͱ 1 , Ϫ12ȏ/Ͱ 1 Յ y Յ 12ȏ/Ͱ 1 . The purpose of the paper is to consider the ible mixing layers with small Mach number, Mc ϭ 0.2, are basically similar to those for the incompressible mixing applicability of the newly developed method for capturing the shock and the small structures in the flow fields. The layers.
Computation for Convective Mach Number
Mc ϭ 0.8
Experiments show that the growth rate of the mixing layer decreases with increasing the convective Mach number. The same trend is obtained from the present numerical simulation (see Fig. 10b ). The vorticity and density contours for Mc ϭ 0.8 at different characteristic times are given in Fig. 11 . From these figures we see that the flow field structures for Mc ϭ 0.8 are different from those for the smaller Mc due to compressibility. In the process of pairing the shocks change their intensity and shape. As the number of rollers the number of shocks is halved at each pairing (see Fig. 11b ). In Fig. 12 the streamwise variations of the pressure and the local Mach number at the time of third pairing along y ϭ 11.2 are given (near the accurate method.
